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ELEMENTARY OPERATIONS (Transformations ) OF A MATRIX  

There are six operations on a matrix, three of which are due to rows and three due to 

columns. These operations are known as elementary operations or transformations. 

i. The interchange of any two columns or rows of a matrix is  denoted as Ci↔ Cj or 

Ri↔ Rj 

let  A = [
  
  

] applying C1↔ C2    

      A =   [
  
  

] 

 

ii. The multiplication of the elements of  any column or row by a non-zero number. 

Let k be any  non-zero constant multiplied to any ith column  is denoted by Ci → k 

Ci similarly , the multiplication of the elements of the ith column by k , where k≠ 0 

is denoted by Ri → kRi 

Let A = [
  
  

] 

Then applying C2 → 5 C2  

A = [
   
   

] 

iii. The addition of any column or row , the corresponding elements of any other 

row or column multiplied by any non-zero number. Symbolically, the addition to 

the elements of the ith column , the corresponding elements to jth column 

multiplied by k is denoted by    Ci → Ci+ kCj    , similarly for the operation in row is 

denoted by Ri → Ri+ kRj     

 

             In matrix B = [
    
   
    

]           

applying  R2 → R2 – 2 R1      



 

 

 

{R2 means ( 1   3   4)  and 2R1 is  ( 4   -4    2 ) therefore R2 – 2 R1 is ( -3   7    2)} 

B     =    [
    

    
    

] 

 

INVERTIBLE MATRIX 

A square matrix A of order m is said to be invertible , if there exist  another square 

matrix B of same order m , such that AB =    = BA where     is the unit matrix of same 

order   The matrix B is called the inverse of matrix A and is denoted by A-1 

 

e.g.  A = [
   
  

]  and B = [
    

   
] be two square matrices whose order is 2. 

AB = [
           
           

] 

=  [
  
  

]  =     

BA = [
          
          

] 

=[
  
  

]  =    which is of order 2 

   Thus AB = BA =    .Hence, A is invertible and    A-1= B 

If B is the inverse of matrix A then A is also inverse of matrix B.  

 

A rectangular matrix does not possess inverse matrix.  

                 Theorem 1: Inverse of a square matrix, if it exist is unique . 

                 Theorem 2: If A and B are invertible matrices of the same order then ( AB)-1= B-1A-1 

                  How to find the inverse of a square matrix  by elementary operations : 

Let A = [

         

         

         

] be a square matrix of order 3 , to find the inverse of matrix A , first 

we write the given matrix in the form A=  A , where   is the identity matrix of the same order 

of A . 

Now apply a sequence of elementary row operations or column operations on A of LHS to 

convert it into identity matrix and same operations applied on     of RHS of A =  A ( apply 

either row or column operation, both the operations will not take place together) 

From the above step we get the new matrix equation of the type      = BA or     = AB where B 

is called the inverse of A. 

Note: If applying one or more than one elementary row (or column) operations we obtained 

all zeros in one or more rows (or columns) of LHS of A =  A , then A is not invertible. 

 



 

 

Ex .If A = [
    
   
   

], find A-1 using elementary  operations. 

Given A =  3A           

[
    
   
   

] = [
   
   
   

]   

    Operate R2 → R2 – 2 R1 

[
    
   
   

] =  [
   

    
   

]A 

Operate R2 →R2  - 3R3 

[
    
   
   

]= [
   

     
   

]A 

Operate R3 →R3 - 2R2 

[
    
   
   

]=[
   

     
    

]A 

Operate R1 → R1 + R2 

[
   
   
   

]= [
     
     
    

]A 

 3 = BA where B = [
     
     
    

] 

Find the inverse of the following matrices, if it exists, using elementary operations: 

1. [
    
   
   

] 

2. [
   
   
   

] 

3. [
    
   
   

] 

4. [
    
   
    

] 

5. [
    

    
    

] 



 

 

6. [
    

    
    

] 

7. [
  
  

] 

8. [
  
  

] 

9. [
   
  

] 

10. [
   
  

] 

11. [
    
   

] 

 

DETERMINANTS 

Every square matrix can be associated to an expression or a number which is known as 

its determinant.   If A = [aij] is a square matrix of order n, then the determinant is given 

by detA or, | | 

 

          …………    

or,                           …………    

                                …………    

If A =[   ] is a square matrix of order one then its determinant is given as |   | =     

If A = [
      

      
]is a matrix of order two then its determinant is given as |

      

      
|  = 

       -         

For ex: |
  
  

|  = 3×6 – 4×5 = 18 – 20 = -2 

Determinant of matrix of order 3 

   
ihg

fed

cba

 

= a|
   

  
| –b |

  
  

| + c |
  
  

| 

= a(ei – fh) – b (di- fg) + c (dh – eg) 

In the same way determinant of order 3  can be taken out by expanding column  



 

 

Minor  

The minor Mij of an element aij is the value of the determinant obtained by deleting the 

ith row and jth column of the given determinant. 

|
  
  

| in the given determinant, minor of 2(i.e M11) is 5, minor of 3(M12) is 4,  minor of 4 

(M21)is 3 and minor of 5(M22) is 2 

Cofactors         of an element of a given determinant is given  as :Aij = (-1)i + j M ij  

Let the determinant be |
  
  

| 

Then the cofactors of each element is given as  

 A11 = (-1) 1 + 1 M11 

          = (-1)2 5 

          = 5 

A12 = (-1) 1 + 2 M12 

      =(-1)34 

=-4 

A21 = (-1) 2 + 1 M21 

  = (-1)33 

= -3 

A22 = (-1) 2+ 2 M22 

= 2 

In the same manner cofactors of determinant of order 3 can be taken out 

Let the determinant be   
    
   
   

 

A11 = (-1) 1+1  |
  
  

| =1 ( 5 – 6)= -1                     

A12 = (-1) 1+2     |
  
  

| =(1) ( 2 – 0)= 2                    

A13 = (-1) 1+3  |
  
  

| =0 ( 4 – 0)= 0                           

A21= (-1) 2+1  |
   
  

| =-2 ( -1 – 0)= 2 



 

 

A22 = (-1) 2+2 |
  
  

| =5( 1– 0)= 5 

A23= (-1) 2+3 |
   
  

| =-3( 2– 0)= -6 

      A31 = (-1) 3+1  |
   
  

| =0 ( -3 – 0)= 0                

      A32 = (-1) 3+2  |
  
  

| =-2 ( 3 – 0)= -6 

A33 = (-1) 3+3  |
   
  

| =1 ( 5 + 2)= 7 

Evaluate the following  determinants from( Q1 to Q3) 

1. |   | 

2. |
  

   
| 

3. |
         
        

| 

4. What positive value of x makes the following pair of determinants equal? 

|
   
  

| , |
   
  

| 

5. If A =[
   
  

] and B = [
  

   
], find the determinant of the matrix 3A2 – 2B 

6. Evaluate :

654

432

020

? 

7. Evaluate 







cossinsincossin

0cossin

sinsincos2coscos





? 

8. Find the integral value(s) of x if 

413

120

12 xx

  =  28  

9. If A = [
  
  

]then show that |  |  = 4 | | 

10. Find the cofactors of the elements  of the third row of the determinant and verify 

that a11A31 + a12A32+ a13A33 = 0 

 

                

751

406

532





 

11.Write the minors and cofactors of elements of determinants: 



 

 

i. |
   
   

| 

ii.

173

051

620

 

iii. 

abc

cab

bca

1

1

1

 

Applications of determinants : 

Area of a triangle =  
 

 
    

1

1

1

33

22

11

yx

yx

yx
 

Exercise  

1. Find the area of the triangle whose vertices are  

( -8,-2) , ( -4,-6),(-1,-5) 

2. Using determinant show that the points are collinear. 

(11,7), ( 5,5),(-1,3) 

 

Properties of determinants: 

1. If each entry of a row (or a column)  of a determinant

 

 is zero then the value of the 

determinant is zero 

2. If the rows are changed into columns and column into rows  of a determinant then 

the value of the determinant remains unaltered. 

3. If any  two rows (or columns) of a determinant are interchange then the value of 

the determinant is the negative of the original determinant.  

               

   
ihg

fed

cba

         = -

   
ihg

cba

fed

 

4. If two rows ( or columns) of a determinant are identical then the value of the 

determinant is zero. 



 

 

5. If all the elements of a row( or column)  of a determinant is multiplied with a non 

zero real number k, then the value o f the new determinant is k times the value of 

the original determinant. 

6. If each entry of a row( or column ) of a determinant is written as the sum of two or 

more terms , then the determinant can be written as sum of two or more 

determinants. 

 

               

   
ihmg

feld

cbka







   

=      

  
ihg

fed

cba

         +        

ihm

fel

cbk

 

7. If in any row or column of a determinant is multiplied with a constant and the 

resulting product is then added to any corresponding row or column in the 

determinant then the value of the determinant is equal to the original determinant.  

 

                

   
ihg

fed

cba

     ,            = 

   
kcikbhkag

fed

cba


 

Then Δ = Δ1 

8. If to each element of a line row or column of a determinant be added the equi- 

multiples of the corresponding elements of one or more parallel lines, then the 

determinant remains unaltered.ie.  



 

 

               

   
ihmilhg

femfled

cbmclba







          

 =       

   
ihg

fed

cba

 

 

9. (Based  on factor theorem ) if  the elements of a determinant that involves x are 

polynomials in x, and if the determinant is equal to 0 when a is substituted for x , 

then x – a is a factor of the determinant. 

10. Product of two determinants. 

 

Exercise 

 

1. Without actually expanding the determinant but stating and using the theorems 

on determinants, show that  

                              

543

432

321

   

  =

  
101

111

321


 

2. Without expanding the determinanant show that 

i.                 
2314

4728

6142

       

 = 0

      

ii.   
xxyx

xxyx

xxyx

38810

2445







       

 = x3

   

Using the properties of the determinants , show that  

i. 
0

0

0

qrpr

rqpq

rpqp







       

 = 0

   

ii. 












xxx

xxx

xxx

       

 =λ2 (3x + λ)

  

Solve the following equations : 



 

 

i.   
111

111

111







x

x

x

       

 = 0

 

ii. 
2521

521

2041

xx



       

 = 0

   

 

Using properties of determinant ,prove that 

1. 

  

xaa

axa

aax

  

= (x + 2a)(x – a)2

  

2. 

    

bacc

cabb

cbaa







2

2

2

    

 = (b-c)(c-a)(a-b)(a + b + c) 

3. 

           

cxba

cbxa

cbax







   = x2( x + a + b + c) 

 

       

 

 

 

                    
  

           

 


